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The interstitial pressure buildup and the internal stresses on the skeleton of a 
cylindrical green body during burnout are analyzed numerically. The intrinsic kinetics 
of pyrolysis is coupled with the Carman-Kozeny equation or the slip-flow model of 
Wakao and Smith to evaluate the pressure distribution. The stress distributions 
before failure are estimated from elasticity theory. The stresses are tensile, and their 
maxima are located at the center of the cylinder. The tangential stress is larger than 
the radial stress. The effects of green body size, specific surface area, and pressurized 
atmosphere are discussed. The approximate solution is accurate for  small green 
bodies. The pressurized atmosphere reduces the interstitial pressure and the internal 
stresses effectively. 

Introduction 
There is a growing awareness of the significance of binder 

burnout as an essential step in ceramic processing (Rice, 1990; 
Verweij and Bruggink, 1990; Lewis and Cima, 1990; Cima et 
al., 1989a; Shukla and Hill, 1989). In the binder burnout step, 
organic binders, which provide strength and plasticity to ce- 
ramic green bodies, are thermally removed before sintering. 
If the burnout is incomplete, the trapped organic residues will 
be a contamination source and affect the properties of final 
product (Masia et al., 1989; Malinowski and Withop, 1978). 
If the burnout is carried out hastily, defects in green bodies 
such as spalling, cracking, blisters, and voids, will form, and 
they cannot be remedied in the later sintering (Dong and Bowen, 
1989). Therefore, in order to preserve the quality of the final 
product the hydrocarbons must be removed slowly, carefully, 
and completely. On the other hand, shortening burnout time 
is also desired to decrease operation costs, especially for in- 
jection-molded green articles that are fully loaded with or- 
ganics. 

During binder burnout, the organics are heated up thermally, 
perhaps melted, and decomposed into gases. The evolved gases 
flow through porous green bodies, then are carried away by 
a flowing stream. The overall removal is an intricate combi- 
nation of evaporation, liquid migration, pyrolysis of organics, 
and heat transfer in porous media. The problem is further 
compounded by the complexity of the binder recipe (Sheppard, 
1990). A general mathematical formulation was given by Stan- 
gle and Aksay (1990). In the paper they dealt primarily with 
the capillary stresses due to the liquid phase and the volume 

expansion effect due to evaporation. Results of another mod- 
eling effort by Calvert and Cima (1990) showed that the for- 
mation of pores in the early stages for a heavily loaded tape 
was a good way to avoid internal bubbles. Unfortunately, the 
effect of volume expansion from solid to gas due to pyrolysis, 
which was the major event in burnout, was not taken into 
consideration in these models. For those green bodies that are 
not heavily loaded with organics and those injection-molded 
pieces in which low molecular weight plasticizers are evapo- 
rated away and pores are formed, the pressure buildup due to 
accumulation of decomposed gas is an essential factor in de- 
termining the internal stresses. 

The pyrolysis of organics with the presence of ceramics is 
usually studied in an atmosphere-controlled environment using 
thermal gravimetric analysis (TGA) (Shih et al., 1988; Scheif- 
fele and Sacks, 1988; Sun et al., 1988). Since the amount of 
sample used in TGA is on the order of a hundred milligram, 
the kinetic data gathered are considered to represent the in- 
trinsic kinetics of degradation. The temperature distribution 
in a green body is related to the thermal properties of consti- 
tutent phases, the heat effects of pyrolysis, and the convective 
heat flow due to effluent gas. Although in certain cases the 
heat effect might be so large that it causes a self-propagating 
reaction (Verweij et al., 1990), the reaction rate and its ac- 
companying heat generation rate are normally kept low to 
prevent the sudden generation of a large amount of gas. Sim- 
ilarly, since the gas flow rate is usually small, its convective 
contribution is also small. The mass flux of evolved gas is 
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mainly determined by the pore structure and the pressure gra- 
dient. The pressure difference between interstitial gas and am- 
bient gas is governed by the degradation rate and the mass 
transfer rate. Due to this pressure difference, the skeleton of 
a green body is stressed. These stresses and the mechanical 
strength of the skeleton decide whether defects or failures will 
occur. 

In this paper a mathematical model is established that com- 
bines the intrinsic pyrolysis kinetics, the gas transport in a 
porous medium, and elasticity theory. This quantitative de- 
scription provides perspectives for understanding the effects 
of interstitial pressure and its induced internal stresses in a 
green body. If the failure criterion is known, this model pro- 
vides a guide to choose optimal operation variables for a quick 
and flawless burnout. 

Intrinsic Kinetics of Organics Pyrolysis with the 
Presence of Ceramics 

The TGA curves of degradation of many organics follow a 
single sigmoidal path. Some organics may have two or more 
sigmoids. Each sigmoid represents a rate-controlling step whose 
activation energy barrier differs from those of other controlling 
steps sufficiently. A recipe of the ceramic binder system tai- 
lored for the ceramic forming technique often consists of sev- 
eral components. These organic components may be 
categorized into two groups according to their molecular 
weights. Low molecular weight organics, such as solvents and 
plasticizers, are either evaporated away or are decomposed at 
rather low temperatures. High molecular weight organics, such 
as binders, possessing higher thermal stability, are pyrolyzed 
at relatively high temperatures. Consequently the TGA curve 
often has more than two sigmoids. One sigmoid of this curve 
could be a superposition of several sigmoids that have similar 
activation energies. Two sigmoids of this curve could mean 
two groups of sigmoids with sufficiently separate activation 
energies. Each sigmoid may be described by three kinetic pa- 
rameters in an Arrhenius-type equation. These parameters are 
reaction order n, activation energy E,  and frequency facior 
A .  Certain ceramics have catalytic effects on the pyrolysis rate 
(Masia et al., 1989), however, the shape of the pyrolysis curve 
with ceramics is similar to that without ceramics. Therefore 
the mathematical form of organics pyrolysis can still be ap- 
plied. 

The mathematical form that is generally applied to the TGA 
curve of polymer (Reich and Levi, 1971) is modified to describe 
the TGA curve of organics pyrolysis with ceramics. In the 
present analysis we assume that the kinetics is solely controlled 
by the temperature. 

+ A,e- E2’RT Wn2,  if W r  W2 (la) 

-A2e-E2/RTWn2, if W< W2 
dW 
dt 

W is the mass ratio of organics to ceramic. W, is the mass 
ratio at which degradation moves into the second sigmoidal 
region. Subscripts 1 and 2 on n, E,  and A denote low-tem- 
perature and high-temperature degradation, respectively. A 
decomposition kinetic curve with more than two sigmoids can 
be expressed in a similar manner. 

Temperature and Organic Residues Disttribution 
of a Cylindrical Green Body 

A two-step firing cycle consisting of ramping ind soaking 
is assumed. The outer surface temperature of I L cylindrical 
powder compact is raised (ramped) from ambienr temperature 
T, to soaking temperature T,, and then is held at the soaking 
temperature for a period of time. We assume that the pyrolysis 
rate is so slow that the convective contribution of evolved gas 
and the heat effect of pyrolysis are negligible. The temperature 
distribution therefore is dominated by the external heating. 
The analytical solution of temperature distribution can be found 
in a classical heat transfer book (Carslaw and Jaeger, 1959). 

O s t * s t :  (2a) 

The dimensionless temperature, radius, and time in Eq. 2 
are defined as follows; 

T* = ( T -  T,)/(T, - TJ,  where T is the local temperature 
r* = r / R , ,  where R 1  is the radius of the cylinder 
t* = at /Ri2 ,  where a is the effective theimal diffusivity 
t: = ats/Rl2,  where ts is the ramping time 
h, = eigenvalues that satisfy the Bessel function of zero or- 

Since the intrinsic kinetics of decomposition and the tem- 
perature distribution in green bodies are known the organic 
residue distribution along radial position at each I ime interval 
can be solved numerically. 

Interstitial Pressure in a Cylindrical Green Body 

der, Jo(hL”) = 0 

An equation of continuity can be written for rhe gas phase 
within a green body: 

pg, pc are the densities of gas and ceramic respect vely; e is the 
porosity; v is the superficial velocity of gas flow averaged over 
a region of space that is small with respect to macroscopic 
dimensions in the green body but large with respect to the pore 
size. - pcVc (a  Waf)  represents the mass decrease of organics 
due to degradation, which also is the mass increase in the gas 
phase. Since the dimensional change of the cylinder during 
burnout is often negligible and the volume fraction of ceramic, 
V,, is constant, the sum of binder volume fraction Vb and 
porosity e is constant: 

V b + e = l  - Vc=constant 

The change of porosity is related to the change of binder 
concentration. 
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where 
(4) 

ae av, pcvCaw 
at at Pb at 
- -- 

The first term in Eq. 3 can be rearranged as follows, 

If the particles of green bodies are loosely packed, the average 
pore radius is rather large compared with the mean free path 
of gas, the flow through the powder compact can be regarded 
as laminar or Poiseuille flow. The Carman-Kozeny model is 
applied to relate the superficial velocity with the pressure gra- 
dient: 

The best value of KO to fit most experimental data on packed 
beds is equal to 5 (Dullien, 1979). So is the surface area per 
unit volume green body. j i  is the viscosity of gas. If the in- 
terstitial gas obeys the ideal gas law, the density of gas in Eqs. 
3 and 5 can be rewritten as a function of pressure and tem- 
perature. By substituting Eqs. 5 and 6 into Eq. 3 and rear- 
ranging, a partial differential equation of pressure in 
dimensionless form is obtained: 

[+$ (r* ( T * + T , * )  e 3 p *  ?I ar* 

+ P* -+[ aT* (E) vc C) 
ap* K~ ( T * + T , * )  
at* K~ e 

- 

( T * + T , * )  at* 

in which ppo = PoM/R(  T, - To), Po is the ambient pressure, 
Mis  the average molecular weight of evolved gas, R is the gas 
constant, T,* = T,/(T,- TJ,  P* = P/Po, and K ,  = Po/Sgpa. 

If the average radius of capillaries in a green body is much 
smaller than the mean free path, gas transport occurs by Knud- 
sen flow (Knudsen, 1909). Slip flow occurs when the gas trans- 
port is intermediate between laminar flow and Knudsen flow, 
a range of 0.1 to 10 a/A,, where a and A, are respectively the 
average pore radius and the mean free path (Scott et al., 1962). 
Since the mean free paths of gases are, under room temper- 
atures and ordinary pressures, roughly in the range of 100 to 
1 ,OOO A, it can be shown that in an alumina powder compact 
with green density equal to 60% theoretical density (V, = 0.6), 
and BET surface area equal to 5 m’/g, the average pore radius 
a is equal to 669 A, which is in the slip flow range. The average 
pore radius is estimated from the equation, a = 2e/S0. Since 
the trend in fine ceramics is toward using submicron powders 
and densely packed green bodies, this simple calculation reveals 
that flows in many green bodies should be in the transient 
range. For a single capillary, the molar flux of gas flow N in 
the transient region is derived by Wakao et al. (1965); Otani 
et al. (1965): 

The mean free path of gas is estimated by the equation A, = 
1/21/27rd2n, where dis the diameter of gas molecules-a typical 
value is 4 A-and n is the number of gas molecules per unit 
volume that can be calculated from the ideal gas law. The local 
mass flux in a green body is the product of mass flux of a 
single capillary and the local pore volume fraction e: 

p g  u = NMe (9) 

By substituting Eqs. 9 and 8 into Eq. 3,  a similar governing 
equation of pressure based on the transient flow model is 
obtained. This equation is written in a dimensionless form as 
follows. 

+ (T+Z) p* ”+[@ at* V c C )  

where 

4 
3 

(F + i 3 3 / 2  + - ?rK&$P* (T + C)’l2 

2K4 K,e4P*’ 
[4K4eP* + r + T 3  + 

Under the assumptions of pseudosteady state [a(ep,)/at = 01, 
uniform temperature, and uniform removal of organics, the 
pressure distribution can be reduced to simpler forms. 

For the Carman-Kozeny equation: 

1 / 2  
P* = [ I + $  ( I - r*2) ]  

(1 1 )  
K ap 

RT ar 
N= 
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For slip flow: 

Kle2 (P’ - I)[2K4e(P* + 1) - (T‘ + C )I T 

8K4 3 
+- K3e2(T* + C)”’ (P’ - 1) 

3K,e( T* + )‘- 8uK3 K,e( T* + c)3/2 + 32K3 K4e( T* + )3’2 4K4eP’ + T* + c 
-c 

In [ 4 K 4 e + T * + c  96Kz 

P c  v c  

pgo 
-- 

Similar equations for planar and spherical geometries are also 
derived. In Eqs. 11 and 12 v is 1 for slab, 2 for cylinder, 3 for 
sphere. 

Internal Stresses on the Skeleton 
Because of the inherent axial symmetry of the concentric 

shell, stress, strain, and displacement fields are independent 
of the polar angle 0. We neglect the body force, and assume 
that the distance between two plane cross sections of the shell 
normal to the z axis remains constant-the assumption of plane 
strain. Therefore, only radial displacement exists. We further 
assume that the mechanical properties of the skeleton do not 
change during burnout and the deformation of the skeleton is 
so small that it will not affect the gas flow and the heat transfer 
described earlier. Under the equilibrium condition, 

Both the radial and the tangential stresses, a,, as, consist of 
contributions from the gas phase and the solid phase (skeleton). 
The sign convention is taken as positive for tension, negative 
for compression: 

a,= -P+a, (144 

The stresses, a,, a s s ,  strains, erst ess, and displacement, urs, of 
the skeleton bear the following relations: 

eOs = u,/r 

where X and G are two Lame’s constants of the skeleton, X is 
Lame’s elastic constant, and G is the modulus of rigidity (Ju- 
mikis, 1969). Substituting Eqs. 15a, b, c, d and Eqs. 14a, b 
into Eq. 13, we obtain an ordinary differential equation for 
displacement in dimensionless form: 

where 5 = 1/(X* + 2G*), subject to u: = 0 at r* = 0 and (A*  
+ 2G’) (duz/dr*) + h*u: = 0 at r* = 1. 

In Eq. 16, ug = u&/R,; X* = WPo; G* = G/Po. 1”the pressure 
gradient is known, the displacement and the stresses can be 
solved. The approximate displacement of laminar flow in an- 
alytical form can be obtained by substituting Eq 11 into Eq. 
16. The approximate strains and the approximatt* stresses are 
obtained by substituting the displacement into Eq. 15a, b, c, 
d. The analytical result is given in the appendix. When the gas 
evolution approaches zero, 1: - > 0, the displacement of Eq. 
Al ,  the strains of Eqs. A2, A3, and the stresses of Eqs. A4, 
A5 are reduced to the values under unstressed conditions: 

Eqs. 17 are the trivial solution of Eq. 16 with flaP*/ar*) equal 
to zero. 

Numerical Methods 
The infinite series in Eq. 2a converges poorly when time t’ 

is smaller than 0.02. To ensure the accuracy of the initial 
temperature, a small time expansion has to be d,me. Similar 
to the treatment of Carslaw and Jaeger (1959). the Bessel 
function, Eq. 2a, is expanded asymptotically to obtain a form 
involving an exponential function containing ( I / t*  ). This form 
converges much quicker for small time provided that r* is not 
too small. 

The orthogonal collocation method is applied to solve the 
nonlinear partial differential equations of Eq. 7 and Eq. 10, 
and the ordinary differential equation of Eq. 16. Since the 
pressure distribution is symmetric about r* = 0, orthogonal 
polynomials of r*2 with weighting function (1 - r * 2 )  are con- 
structed for the pressure. The boundary condition at r* = 0 
is automatically satisfied. On the other hand, the displacement 
distribution is not symmetric about r* = 0. Unsymmetric poly- 
nomials with weighting function 1 are constructed. The chosen 
collocation points that are roots to unsymmetric polynomials, 
including 0 and 1, are listed in Table 2. The collocation method 
and the selection of collocation points are thorougl ily discussed 
by Finlayson (1980). In solving Eq. 16, aP*/ar* is interpolated 
from the known pressure distribution at each time interval. 
These initial-value problems of residues and preisure at col- 
location points are solved by the RKF45D package (Forsythe 
et al., 1977). 

Burnout Conditions and Physical Properties 
The properties of a green body and its pyrolysis rate con- 
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Table 1. Burnout Conditions, Physical Constants of Green 
Bodies, and Pyrolysis Rate Constants 

Soaking temp., Ts=773 K 
Ambient temp., T,=293 K 
Ramping time, t, = 5 h 

Ceramic density (alumina) pe= 3.987 x lo3 kg/m3 
Binder density, pb  = 1.25 x lo3 kg/m3 
Vol. frac. of ceramic, Vc=0.6 
Init. organics loading, W=0.08 (W2 = 0.05) 

Eff. thermal diffusivity, a= 1 . 0 1 5 ~  lo-' m2/s 
Evolved gas viscosity p = 2 . 5 0 ~  m Pa-s 
Mole. wt. of evolved gas, M =  30 

Order of reaction n,, n2 = 2.0, 3.0 
Frequency factor A,, A, = 8 x  loz3, 4 x  l d 8  miK1 
Activation energy/gas constant 

E,/R = 2.45 x lo4 K 
E,/R = 3.6 x lo4 K 

Lame constant A, G = 1 1 6 . 9 ~  lo5, 7 7 . 9 ~  lo5 N/m2 

Case A Case B Case C Case D 
Radius, cm 5 5 1 5 
Amb. press., 1 1 1 10 

atm 

area, cm-l 
Spec. surf. 1 1 . 9 6 1 ~ 1 0 ~  1 . 6 7 4 5 ~ 1 0 ~  1 1 . 9 6 1 ~ 1 0 ~  1 1 . 9 6 1 ~ 1 0 ~  

279.124 14,241.0 279.124 2,791.24 
- 479.407 479.407 

KI 
479.407 

K, 0.90844 - 0.90844 9.0844 
K3 

stants are listed in Table 1.  The effective thermal conductivity 
is estimated from the Hashin-Strikman (1962) lower bound for 
two-phase materials. The slip-flow model is applied to cases 
A, C, and D, which have high specific surface areas. The 
Carman-Kozeny equation is applied to case B, where surface 
area is relatively low. 

Results and Discussion 
Whether a failure or a defect will occur is determined by 

the local strength of the skeleton and the local stresses on the 
skeleton. The major purpose of the above modeling effort is 
to provide a quantitative estimate of the latter. The stresses 
are influenced by many factors, such as initial organics loading, 
temperature profile of the furnace, and pyrolysis character- 
istics, to name only a few. In this paper three factors are 
emphasized that are rarely discussed in the literature: the green 
body size, the specific surface area, and the pressurized at- 
mosphere. 

Table 2. Collocation Points of Orthogonal Collocation Method 
with Weight Function 1 

r: r: 

1 0.00000000 0.oooOoooO 
2 0.01088567 0.0469 1008 
3 0.05646870 0.23076534 
4 0.13492400 0.50000000 
5 0.24045 194 0.76923466 
6 0.36522842 0.95308992 

7 0.50000000 
8 0.63477 158 
9 0.75954806 

10 0.86507600 
1 1  0.94353130 
12 0.98911433 

13 1.00000000 

0.10 

/-. t*=0.26796 
0.08 

v 

v) 
W 0.06 I k, 4 
Q 

v 0.04 

v) w 
oi 

0.00 
0.0 0.2 0.4 0.6 0.8 1 .o 

RADIAL POSITION ( r*)  

Figure 1. Organic residues vs. radial position, cases A, 
B, D during burnout. 

Figure 1 shows the organic residues distribution of cases A, 
B, and Din the ramping stage during burnout. Since the surface 
temperature is higher than the core temperature, the surface 
organics start to decompose first, at t* = 0.26796. Also, due 
to a rather large radius, at t* = 0.43848 (3 h) there is a 
temperature difference A T '  = 0.3121 (149.8"C) between r* 
= 1 and r* = 0. Accordingly, when the organics at the surface 
are proceeding with the second sigmoidal pyrolysis (W = 
0.03226 at r* = l), the organics at core just begin the first 
sigmodal pyrolysis (W = 0.07921 at r* = 0). At the end of 
the ramping stage (t* = 0.7308), there is still some amount of 
organics remaining, W = 0.00835 at r* = 0. For a cylinder 
of smaller radius, case C, there is much less temperature dif- 
ference (AT' = 0.0137, 6.6"C) and less residues difference 
(A W = 0.00639) between surface and core at t* = 10.962 (3 
h). Also, much less organics at r* = 0 remain at the end of 
the ramping stage ( W  = 0.0000179 at t* = 18.27). 

For the organics decomposed at the surface (r* = l),  the 
evolved gas easily escapes the porous body. Nevertheless, the 
exit of gas evolved within the green body (r* < 1)  needs the 
establishment of a pressure gradient. Therefore a region of 
high evolution rate of gas is accompanied with a steep pressure 
gradient. The pressure gradients of cases A and B at t* = 
0.43848 represent a typical example, as shown in Figure 2. In 
the region near the core (r* = 0.0-0.2), organics decompose 
only a little, the pressure gradient is close to zero. In the region 
between r* = 0.4 and 0.6 the gas evolution rate is high and 
its corresponding pressure gradient is steep. In the surface 
region (r* = 0.95-1.0) the pressure gradient drops further 
because the surface region undergoes the second sigmoidal 
decomposition. For both cases the pressure buildup in the core 
region indicates an accumulation of gas. This accumulated gas 
is originated from the region r* > 0.2 because only a little of 
the core region organics (r* < 0.2) is burnt. The radial and 
tangential stresses on the skeleton at t* = 0.43848 are also 
plotted in Figure 2. Initially the skeleton of green body is under 
the unstressed condition, a:, a& = 0. The interstitial pressure 
difference between surface and core exerts force on the skeleton 
of the green body in the positive r direction. For a 5 cm radius 
cylinder, case A, a pressure difference AP* of 3.144 causes 
tensile stresses a: = af = 2.668 at r* = 0. For a larger average 
pore size, case B, the pressure difference is less, AP* = 1.402, 
and so are the tensile stresses, a: = a& = 1.212 at r* = 0. 
For both cases the radial stresses are zero at r* = 1.  The 
tangential stress at r* = 1 is of = 0.845 for A, 0.421 for B. 
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dPL/dr* - 
-2.0 c , - . - - - - _ _ _  

RADIAL POSITION (r*) 

Figure 2. Interstitial pressure, pressure gradient, radial 
stress, and tangential stress, cases A, B at f* 
= 0.43848. 
- case A; - - - case B 

Therefore, a higher pressure difference causes a higher tan- 
gential stress at the surface. 

Figures 3a and 3b show the residues variation with time at 
collocation points for a 5 cm (thirteen points) and a 1 cm 
(seven points) radius cylinder, respectively. The removal of 
organics in the 5 cm radius cylinder is spread in a much wider 
time domain. 

The interstitial pressure variation with time at thirteen col- 
location points of case A is illustrated in Figure 4. As the 
evolved gas starts to accumulate in the green body, the pressure 
begins to rise. Pressures of points near the core, such as r;, 
r;, r:, r:, exhibit two peak values, which are the characteristics 
of pyrolysis. The peak value of each collocation point decreases 
and shifts forward progressively as its position shifts away 
from the center. Pressures of collocation points near surface, 
such as r:,,, ry,, rT2, start to increase due to the decomposition 
of their own organics. However these pressures do not drop 
after the degradation of their organics is completed. It is the 
decomposition of inner organics and the accumulated pressure 
inside that sustains these pressures near the surface at those 
levels. The approximate solution of pressure is also shown in 
Figure 4. It represents the pressure generated by uniform re- 
moval of organics in the green body. It may serve as the upper 
limit of the prediction. Since the organics at every location are 
assumed to be burnt simultaneously, the two pressure peaks 
are clearly separated in the approximate solution. Figure 4 
demonstrates that for a large piece of green body the approx- 
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Figure 3. Organic residues vs. time at collocation points. 
a. 5 cm radius green body 
b. 1 cm radius green body. 
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Figure 4. Solutions of interstitial pressure at thirteen 
collocation points, case A. 
- numerical solution; - - - approx solution 

imate solution provides a poor result. Figure 5 is the radial 
stress on the skeleton of case A and its approximate solution. 
The variation of radial stress with time resembles that of pres- 
sure. The tangential stress of case A is shown in Figure 6. The 
tangential stresses of the surface region are significantly higher 
than the corresponding radial stresses. When the interstitial 
pressure is at its maxima, so are the stresses in both directions. 

Figure 7 shows the pressure of 1 cm radius green body, case 
C, at seven collocation points. The accumulated pressure and 
the stresses are lower in case C due to the smaller radius. Since 
organics removal is nearly uniform in the green body, as shown 
in Figure 3(b), the approximate pressure and the numerical 
solution are very close. The approximate stresses are even closer 
to the numerical result. The case of a 1 cm radius green body 
with specific surface area equal to case B is also computed. 
Its result is very similar to that of case C. Therelore, it shows 
that under a fixed ramping rate of furnace temperature the 
pressure buildup and internal stresses of small green bodies 
can be predicted by the approximate solutions, Eqs. 11, 12, 
A4, and AS. 

The effect of pressurized atmosphere is illustrated in Figure 
8. Pressures and stresses of the green body under 1 atm, case 
A, and under 10 atm, case D, are plotted against r’ when 
pressures and stresses are at their maximum values at t* = 
0.65712. The pressure difference between surface and core of 
case A is AP* = 4.268 = 4.268 atm; on the other hand, the 
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Z 
v 

6.0 9 
W 
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6 4.0 
cn 
U J  W 
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v) 2.0 
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0.0 
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0.0 0.2 ‘73 0.4 0.6 ‘73 0.8 1 .o 
TIME ( t*)  

Figure 5. Solutions of radial stress on skeleton at thir- 
teen collocation points, case A. 
- numerical solution; - - - approx. solution 
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Figure 6. Solutions of tangential stress on skeleton at 
thirteen collocation points, case A. 

numerical solution; - - - approx. solution 

corresponding pressure difference of case D is AP* = 0.285 
= 2.85 atm. Also the tensile stresses are effectively reduced 
by the pressurization. The tangential stress at the surface is 
reduced from u& = 1.022 = 1.022 atm to uf = 0.0673 = 
0.673 atrn, as shown in Figure 8. This reduction of pressure 
buildup and the tensile stresses indicates that pressurization is 
a useful technique in preventing defects, as is shown in two 
patents (Sakai et al., 1985, Wiech, 1981). 

The tangential and the radial stresses are both tensile in the 
four examples presented. Since the powder compact is much 
more vulnerable against tension rather than compression (Stan- 
gle and Aksay, 1990), the effect of pressure buildup is im- 
portant in designing a safe burnout operation. Another 
interesting point is that the tangential stress is larger than the 
radial stress at the surface. This result implies that if a crack 
is initiated from a surface flaw, the crack will propagate in- 
ward. 

Conclusions 
A numerical analysis was performed to estimate the residues, 

interstitial pressure, and internal stress distributions in a cyl- 
indrical green body during burnout. Pressures and stresses of 
small-radius green bodies can be closely evaluated by simplified 

1.5 

I I I 
0.9 I I 

0.0 4.0 0.0 12.0 16.0 20.0 

Figure 7. Solutions of interstitial pressure at seven col- 
TIME ( t*)  

location points, case C. 
- numerical solution; - - - approx. solution 

RADIAL POSITION (r* ) 

Figure 8. Interstitial pressure, radial stress, and tan- 
gential stress on skeleton, cases A, D at t* 
= 0.65772. 

case A; - - - case D 

equations obtained under the assumption of uniform removal 
of organics. These approximate solutions deviate considerably 
from the numerical solutions for large-radius green bodies. 
For a green body of low surface area, the interstitial pressure 
and the stresses on the skeleton are less because of larger pore 
size. For a green body under pressurized atmosphere, the pres- 
sure buildup and the tension on the skeleton both decrease. 
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Notation 
A,, A2 = frequency factor of pyrolysis reaction, SKI 

(I = average pore radius, m 
d = diameter of gas molecule, m 

e = porosity 
G = modulus of rigidity of skeleton, N/m2 

K ,  KO, K, ,  K,, K4 = constants, Eqs. I ,  8, 10 
M = molecular weight of evolved gas, kg/kmol 
n = number of gas molecules per unit volume, 

N = molar flux of evolved gas, kmol/m2 
No = Avogadro’s number 

r = radial position, rn 
R = gas constant, kJ/kmol.K 

R ,  = radius of cylinder, m 
S, = surface area per unit volume, m-’ 

t, t, = time, ramping time of furnace, s 
T, Ta, T, = temperature, ambient temperature, soaking 

u, = displacement of skeleton in radial direction, m 

E l ,  E2 = activation energy of pyrolysis reaction, kJ/kmol 

n,, n2 = order of decomposition reaction 

P, Po = gas pressure, ambient pressure, N/m2 

temperature, K 

u = superficial velocity of evolved gas, m/s 
V,, V, = volume fraction of binder, ceramic 

W = mass of organic residues/mass of ceramics 

= effective thermal diffusivity, m2/s 
= radial and tangential strain of skeleton 
= Lame’s elastic constant of skeleton, N/m2 
= mean free path of gas, m 
= eigenvalues that satisfy Jo(A:”) = O  
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p = gas viscosity, N.s/m2 
v = shape factor, 1 for slab, 2 for cylinder, 3 for 

sphere 
pb, po pp = density of binder, ceramic, gas, kg/m3 

pgo = pseudo gas density, Eq. 7, kg/m3 
u,, uo = radial, tangential stress, N/mZ 

urn, uo3 = radial, tangential stress on skeleton, N/m2 
= constant, Eq. 1 1  
= constant, Eq. 16 

Superscript 
= dimensionless 
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Appendix 
For the pressure distribution of Eq. 1 1 ,  analyt cal solutions 

for displacement, strains, and stresses are possible. 

1 
€rs= 

- 
2(h*+G*) - j  (h*+G*) E 

€es= - 2(X*+G*)-3  1 2 (h*+G*) I  G* “ 1 - ( 1 + $ ’ ] ]  

E [ ”2 
O& = - 1 - G* [ 1 - (1 + i) ’I2] + A * {  (1 + -- - r*2) 

3 E  2 2  
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